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In this paper, we recover sparse signals from their noisy linear
measurements by solving nonlinear differential inclusions, which we
call Bregman ISS and Linearized Bregman ISS. We show that under
proper conditions, there exists a bias-free and sign-consistent point
on their solution paths, which corresponds to a signal that is the unbi-
ased estimate of the true signal and whose entries have the same signs
as those of the true signs. Therefore, their solution paths are regular-
ization paths better than the LASSO regularization path, since the
points on the latter path are biased. We also show how to efficiently
compute their solution paths in both continuous and discretized set-
tings: the full solution paths can be exactly computed piece by piece,
and a discretization leads to Linearized Bregman iteration, which is
faster and easy to parallelize. Theoretical guarantees such as sign-
consistency and minimax optimal l2-error bounds are established in
both continuous and discrete settings for specific points on the paths.
Early-stopping rules for identifying these points are given. The key
treatment relies on the development of differential inequalities for
differential inclusions and their discretizations.

1. Introduction. We study two continuous time dynamics Bregman
ISS' and Linearized Bregman ISS, as well as the forward-Euler discretization
of the latter, for recovering a sparse unknown signal 5* € RP from its noisy
linear measurements

(1.1) y=Xp"+e

Here, y € R™ is a measurement vector, X = [z1,...,z,] € R"*P is a mea-
surement matrix, and e is unknown random noise. We allow n < p and
assume that §* has s < min{n, p} nonzero components. For convenience, let
S = supp(f*) and T be its complement, i.e. T = {i : 5 = 0}.

The solution path {p¢, 5:}i>0 of Bregman ISS is given by the nonlinear

Keywords and phrases: Linearized Bregman, Differential Inclusion, Early Stopping
Regularization, Statistical Consistency

'ISS abbreviates Inverse Scale Space, a name adopted from the imaging literature
[BOXGO5]. There, large-scale image features are recovered before small-scale ones.



Form Approved

Report Documentation Page OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number.

1. REPORT DATE 3. DATES COVERED
JUL 2014 2. REPORT TYPE 00-00-2014 to 00-00-2014
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Sparse Recovery via Differential Inclusions £b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
University of California, L os Angeles,Department of Mathematics,L os REPORT NUMBER
Angeles,CA,90095 CAM14-61

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’'S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT
NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution unlimited

13. SUPPLEMENTARY NOTES

14. ABSTRACT

In this paper, werecover sparse signalsfrom their noisy linear measur ements by solving nonlinear

di erential inclusions, which we call Bregman | SSand Linearized Bregman | SS. We show that under
proper conditions, there exists a bias-free and sign-consistent point on their solution paths, which
correspondsto a signal that isthe unbiased estimate of the true signal and whose entries have the same
signsasthose of thetrue signs. Therefore, their solution paths areregularization paths better than the
LASSO regularization path, since the points on the latter path are biased. We also show how to e ciently
computetheir solution pathsin both continuous and discretized settings the full solution paths can be
exactly computed piece by piece and a discretization leadsto Linearized Bregman iteration, which isfaster
and easy to parallelize. Theoretical guarantees such as signconsistency and minimax optimal [2-error
bounds ar e established in both continuous and discr ete settings for speci ¢ points on the paths.
Early-stopping rulesfor identifying these points are given. The key treatment relies on the development of
di erential inequalitiesfor di erential inclusions and their discretizations.

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF: 17.LIMITATION OF | 18.NUMBER | 19a. NAME OF
ABSTRACT OF PAGES RESPONSIBLE PERSON
a REPORT b. ABSTRACT c. THISPAGE Same as 39
unclassified unclassified unclassified Report (SAR)

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std Z39-18



2 OSHER, RUAN, XIONG, YAO AND YIN

differential inclusions:

(1.22) po= X"y~ X50)
(1.2b) pr € 9| Bel1,

where t > 0 is time, p; € R? is assumed to be right continuously differentiable
in t, p; is the right derivative of p;, and B; is assumed to be right continuous.
The inclusion condition (1.2b) restricts p; to a subgradient of £;-norm at Sy,
t > 0. The initial conditions are, typically, pg = 0 and By = 0. We will see
that a solution to (1.2) exists and both p; and X3, t > 0, are unique. In
addition, p; is piece-wise linear, and there exists a solution path §; that is
piece-wise constant. The entire path can be computed at finitely many break
points.

Linearized Bregman ISS has its solution path {p¢, 5: }+>0 governed by the
nonlinear differential inclusions:

1. 1
(1.3a) pt + ;616 = EXT(ZJ — XB),
(1.3b) pe € 0|Bell1,

where k > 0 is a constant. Compared to (1.2a), equation (1.3a) has the
additional term 3. As k — oo, (1.3) is reduced to (1.2), and the solution
path of (1.3) may converge to that of (1.2) exponentially fast as x increases.
We will see that (1.3) has a unique solution path p; and S, ¢ > 0, which are
both continuous.

The discretizations of (1.2) and (1.3) are known as Bregman Iteration
(equation (3.7) of [YODGO8]) and Linearized Bregman Iteration (equations
(5.19-20) of [YODGOS8]). They were introduced in the literature of varia-
tional imaging and compressive sensing before (1.2) and (1.3). Through a
change of variable, Bregman Iteration becomes the iteration of the Aug-
mented Lagrangian Method [Hes69, Pow67]. On the other hand, Linearized
Bregman Iteration is a simple two-line iteration:

1 1 Qg
(1.4a) Pk+1 + ;/Bk—s-l = pr + Eﬁk + ?XT(?/ — X B),
(1.4b) px € 0| Bl

which is evidently a forward Euler discretization to (1.3), where o, > 0 is a
step size. Define zp = pp + %Bk- Then (1.4) can be simplified to:

(15a) srir = 2+ EXT(y = XBy)
(1.5b) Br+1 = k - shrink(zg41, 1),
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where the mapping shrink is defined component-wise as
shrink(z, A) := sign(z) max{|z| — A\,0}, 2z, A€ R, A >0.

Note that shrink(z, A) is the unique solution to the convex program:

. 1 2
I;1€11§|x] + 5@ —2)%

1.1. Motivations and contributions. Our exposition is motivated by the
fact that solution path {8:}:>0 of the differential inclusion (1.2) and the
sequence {f}r>0 of (1.4) are better than the points on the LASSO regu-
larization path. In particular, while LASSO regularization path is always
biased, 8; can be unbiased when the correct set of variables is reached.

To see this, consider the LASSO problem [Tib96],

. 1
(1.6) min A8+ 5 lly — X5,

where for the convenience of comparison we replace the regularization pa-
rameter A by ¢ = 1/X in the following equivalent form

t
1. i — 1y — X832
(1.7) mﬁmllﬁlll + 2nlly Bl

Aside from the obvious relation ¢ = 1/\, solution [ is piece-wise linear in
A [EHJTO04] though not so in ¢. Despite this, ¢ will be convenient to our
analysis by reflecting a nature of time evolution of the solution.

Since (1.7) is a convex program, 3, is a solution to (1.7) if and only if it
obeys the first-order optimality conditions

pr_ 1
t n
(1.8b) pr € 9| Bel,

which are obtained by taking the subdifferential of the objective in (1.7).

It is well-known that LASSO solution /3, is biased [FLO1]. For example,
considering the simple case that n = p = 1, X is the identity and y > 0,
then (1.8) yields

5~ 0, ift <1/y;
(1.9) B = { y—1/t, otherwise,

(1.8a) XT(y— XBy),

while (1.2) has the solution

[0, ift<1/y;
(1.10) b = { y, otherwise,
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which is unbiased for t > 1/y as E[5;] = E[y] = *.
Moreover, the Linearized Bregman ISS (1.3) has the solution,

(o, ift <1/y;
(1.11) Br = { y(1 — e "t=1/9)) " otherwise,

which converges to the unbiased Bregman ISS estimator exponentially fast.

Let us discuss this phenomenon in the general setting. First, let the or-
acle estimator be the subset least-squares solution B* given the true set of
variables S by an oracle, whose nonzero entries are given by

. 1 11 1 11
1.12 = —XiXx —Xty=p85+(-XiX —Xe.
(1.12) 53<n55>nsyﬂs+nss oS
Clearly Bg ~ N(B%,2n) where X, = %2 (%Xg’XS)*l. Since in expectation
with respect to noise, E[5*] = 5%, 5* is an unbiased estimate of 5*.
In reality we are not given the support set .5, so the following two prop-
erties are used to evaluate the performance of an estimator 3.

1. Model selection consistency: supp(f) = 5;
2. Asymptotic normality: \/n(3 — *) — N(0,X*), where

-1
¥* = lim n%, = o? < lim 1X§XS) .
n—o00 n—oo n
Since these properties hold for the oracle estimator, they are often referred

to as the oracle properties.

A solution mapping f : [0,00) — RP gives a regularization path. Model
selection consistency, also known as path consistency, refers to the exis-
tence of a point BT on this path that selects the correct variables, namely,
supp(BT) = 5. Path consistency has been obtained for LASSO by establish-
ing the stronger property of sign consistency, that is, sign(BT) = sign(f*),
under certain conditions such as those in [ZY06, Zou06, YLO7, Wai09]. Pro-
vided that path consistency is reached at 7, the LASSO estimate BT is
nonetheless biased since

X 1 1 1 “1p
1.13 = =xTx “xTy—(=xfx L
(1.13) Br.s <n S S> ~ X5y (n 5Xs >

where p, = sign(8;) € 8||3-||1. The first-term on the right-hand side equals
the oracle estimator Bg, which is unbiased, whereas the second-term never
vanishes and is the bias. Hence, the oracle properties are never completely
met by LASSO.
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The bias can be removed by a simple differentiation of LASSO solution.
To see this, by multiplying ¢ on both sides of (1.8a) and differentiating it
with respect to ¢, any point on the LASSO path satisfies

(1.14) pr = %XT(Q—X(Bt+tét))-

With path consistency assumed at time ¢t = 7, we have 8;; =0, Vi & S,
and from (1.14) we have

. 1 ~ ;
(1.15) pr,s = EXg(y — Xs(Br,5 + 76r,3))-

Generically, sign consistency occurs in a neighborhood and thus p, g = 0.
Therefore,

; ; 1 1 =
/BT,S + T/BT,S = (nX§X5’> EXE?J = BSa
which is the oracle estimator without bias! This motivates us to replace
(B + tf) in (1.14) by just S3;, which gives the differential inclusions (1.2a)
of Bregman ISS. Later we will show that the resulting 5; in (1.2) is indeed
unbiased.
Therefore, in addition to giving the basic solution properties such as exis-
tence, uniqueness, and (dis)continuity, we also attempt to explain the good

behaviors of the new solution paths and sequence by establishing their path
consistency property. Basically we argue that

1. Under nearly the same conditions for LASSO [ZY06, Zou06, YLO7,
Wai09] that the covariates z; are sufficiently uncorrelated and the
signal (% is strong enough, Bregman ISS (1.2) with a proper early
stopping rule will return the oracle estimator;

2. Sign consistency and le-error bounds of minimax rates can be general-
ized to the Linearized Bregman iteration (1.4) and its limit dynamics
(1.3), under similar conditions.

Some computational aspects are reviewed in the next subsection.
1.2. Related work.

1.2.1. Regularization and other algorithms. For general penalized least
square problems, [FLO1] has shown that no convex penalty functions can
fully achieve the oracle properties and thus one has to resort to non-convex
regularization, whose global minimizer is, however, algorithmically difficult
to locate. Alternatively, one can apply LASSO for variable selection and then
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remove the bias in LASSO by solving a subset least squares in the second
stage. On the other hand, [OBG'05] noticed that Bregman iteration may
reduce bias, also known as contrast loss, in the context of Total Variation
image denoising. In this paper, we shall see that dynamics (1.2) can au-
tomatically remove bias without any non-convexity or second-stage subset
least squares. It is a different kind of regularization via early stopping.

Early stopping regularization has been studied widely in linear inverse
problems, e.g. [EHN96], and recently in Boosting, e.g. [Fri01, BY02, YRCOT7].
In fact, Linearized Bregman iterations can be viewed as an extension of
Landweber iteration (also called La-Boost in statistics),

Bron = B+ SEXT (y = XBy),

which follows the primal path 8; as a gradient descent method solving least
square problem. To have solution sparsity, Linearized Bregman iterations
(1.4) adds the dual path p; in favor of sparse solutions.

Linearized Bregman iteration (1.5) is shown in [Yinl0] equivalent to the
gradient ascent iteration applied to the Lagrange dual of the problem

. 1 :
(1.16) min [|5]1 + 51815 subject to X =y.

In particular, §j converges to the unique solution of (1.16) at a linear rate
(as long as X # 0 and XS = y has a solution); see [LY13]. In addition,
for sufficiently large k, the solution to (1.16) is a solution to the basis pur-
suit model [CDS98], which is (1.16) without 5-[|3|3. In noisy settings, early
stopping regularization is necessary for signal recovery. The results in this
paper basically say that under nearly the same condition as LASSO, Breg-
man ISS with early stopping regularization may recover the signal without
bias. We note that such dynamics can be easily extended to general settings
with differentiable convex loss and non-differentiable convex penalty, e.g.
Linearized Bregman iteration in matrix completion [CCS10].

One should not confuse Linearized Bregman iteration (1.5) with itera-
tive soft-thresholding algorithm (ISTA), which has been widely used under
different names in the literature (for example, see [DJ95, Don95, CDLLIS,
DDO02, DDDO04)),

. o
Bt = shrink(By, + X7 (y = X i), M),

By moving the shrinkage operator to a different place in (1.5), Linearized
Bregman iteration generates a sparse solution path with early stopping reg-
ularization, while ISTA exploits A\, as the regularization parameter and its
iterates converge to a LASSO solution.
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1.2.2. Parallel and distributed computing. It is very easy to implement
iteration (1.5) in parallel and distributed manners and apply it to very large-
scale datasets. Suppose

X:[Xl, Xo, ..., XL]GR”XP,

where X,’s are submatrices stored in a distributed manner (on a set of
networked workstations). The sizes of X,’s are flexible and can be chosen
for good load balancing. Let each workstation ¢ hold data y and X,, and
variables 2y, ¢ and wyp := XB;, which are parts of z; and summands of
wy, := X B, respectively. The iteration (1.5) is carried out as

Zip10 = 2k + 2 XT (y — wy),

Wit1,0 = = Xyshrink(zp41,, 1),
L

all-reduce summation: wg,1 = Z Wh1,0,

=1

for £ =1,..., L in parallel: {

where the all-reduce step collects inputs from and then returns the sum to
all the L workstations. It is the sum of L n-dimensional vectors, so no matter
how the all-reduce step is implemented, the communication cost is indepen-
dent of p. It is important to note that the algorithm is not changed at all. In
particular, distributing the data into more computing units, i.e., increasing
L, does not increase the number of iterations. Therefore, the parallel imple-
mentation is nearly embarrassingly parallel and truly scalable. In addition,
it is also possible to develop implementations for data divided into blocks of
rows of X or even smaller subblocks that split both rows and columns. Re-
cently, (1.5) has also been extended in [YLYR13] to a decentralized setting
where not only data and computation are distributed but communication
is restricted to computing units with direct communication links so there is
no data fusion center or long distance communication. The scheme fits sen-
sor network or multi-party regression over the internet, where long-distance
communication incurs long delays and high costs.

1.3. Notation and assumptions. We introduce the following notation and
assumptions to 8%, X, and e.

e Let the true support be denoted by S = supp(8*) = {i : 5 # 0}, and
T = S be its complement. Clearly, SUT = {1,...,p}.

e Xg denotes the submatrix of X formed by the columns of X in S,
which are assumed to be linearly independent. Similarly define X so

that [Xg Xr] = X.
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e Assume e ~ N(0,021,). It can generalize to sub-Gaussian without
violating most of our results.

Ty and (u,v), = LuTv for u,v € R". Hence |Jul,, = ﬁ”u”

Define (u,v) = u
Let X* = %X T be the adjoint operator of X with respect to inner product
(-, *)n. Let the largest and the smallest nonzero magnitudes of 5* be 3} .. :=
max (|| : ¢ € S) and 3%, = min(|37] : i € §), respectively. Similarly define
3% . and B for the oracle estimator §* in (1.12). The dependence of p;
and f; (or equivalently p(t) and §(t)) on ¢ is omitted where it is clear from
the context. For the reason to be discussed in Section 2, we shall assume
that p; is right continuously differentiable and f; is right continuous.

Throughout the paper, given two numbers a and b, let a V b := max(a, b).

1.4. Outline. In the rest of this paper, we establish basic solution prop-
erties of Bregman and Linearized Bregman ISS in Section 2. Section 3 and
Section 4 describe statistical consistency properties of Bregman ISS and their
generalizations to Linearized Bregman ISS/discretization, respectively. Sec-
tion 5 is dedicated to the ideas of proofs. Section 6 provides some preliminary
numerical results. Discussions and conclusions are summarized in Section 7.

2. Bregman and Linearized Bregman solution paths. The solu-
tion to Bregman ISS (1.2) is a piece-wise regularization path given iteratively
as follows, starting with £ =0, t{g = 0, and pg = By = 0:

1. set tyy1 :=sup{t >ty : py, + =EXT(y — XBy,) € 9| Brell1}; if tysr =
o0, then exit;
ter1—tk
2. set py = py, + %XT(?J — XB);

3. set Spy1:={i: [(pyyy, )il = 1} and Ty = {1, p} \ Sk
4. set By, as any solution to
ming |y — X813
(2.1) subject to  (py,,,)iBi >0 Vi€ Skit,

Bi=0 Vje&Tp.
5. set k =k + 1 and go to Step 1.

Paper [BMBO13] gives an algorithm but does not establish the uniqueness
of solution path. One can show that the solution to (1.2) is piece-wise:

t—t

— -+ _

(2.2) PP T RS e [ b)),
/Bt - /Btka

In other words, p; is piece-wise linear and S; is piece-wise constant. The

following theorem presents some general conditions to ensure the existence

and uniqueness of solution path.
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THEOREM 2.1 (Solution existence and uniqueness for Bregman ISS).  Let
pt be right continuously differentiable and B¢ be right continuous. Then, a so-
lution to (1.2) is given by (B, pt) generated by the above algorithm. Solution
pt and X By are unique. In addition, if the columns x; of X for i € supp(fB;)
are linearly independent for t > 0, then B, is also unique.

PrOOF. The existence part follows from [BMBO13].
We show that the uniqueness part. Define f(8) := 5-|ly — X3||*>. Then,
the differential inclusion (1.2) is equivalent to

(2.3a) pr=—Vf(B),
(2.3b) pi € 0|18l

Let St+ ={i:(p)i =1}, S, ={i: (pr)i = —1}, and S; = S;r UsS, . By
(1.2b), in the case of Sy = ), we have 3y = 0, so =V f(5:) = =V f(0) is
unique. In the case of S; # 0, we show below that X3, and —V f(3;) are
both unique. The uniqueness of p; follows from these results and (2.3a).

In fact, (1.2a) and (1.2b) impose the following constraints on [;:

(Bt)i > 0and (Vf(B)), >0, Vie S,
(Bt)i = 0, Vi & S

To see how V f(B;) is involved, notice that (Vf(8;)), > 0 must hold for
Vi € S;" since (p¢); € [—1, 1] is already at its maximal value 1 and V£(53;) < 0
is forbidden as it would further increase (p;); to an impossible value. The
same argument holds for (V f(8;)), <0 for Vi € S, .

Furthermore, we will have (5;);-(V f(B:)); = 0 for all i. To see this, assume
(Bt)i # 0. Then by the right continuity assumption, there exists an interval
[t,t + €) in which ; remains nonzero with the same sign. By (2.3b), (pt):
will remain either +1 or —1 in the same interval, so (Vf(5;)); = 0. On the
other hand, assume (V f(f;)), # 0. Then by (2.3a), p; will change and thus
it cannot stay either +1 or —1. By the right continuity of 3, it must hold
that (8;); = 0. Therefore, we have the addition constraints

(2.5) (Be)i- (Vf(Br)); = 0.
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Conditions (2.4) and (2.5) are precisely the KKT optimality conditions for

min f(B)
Bi >0, VieS,,
(2.6) subject to ¢ 3; <0, Vie S,
51' = 07 Vi g St7

which is identify to (2.1) except (2.1) specifies the time tx11. Let 5; be the
solution to problem (2.6).

In general, if f is strictly convex, then the solution f; is unique. In our
case, f is not necessarily strictly convex, but f = g(X/3) for a strictly convex
function g. Therefore, X 3; is unique, and thus so is Vf(3;) = X7 Vg(XBy).
Lastly, £; is unique if the columns of X corresponding to nonzero entries of
B¢ are linearly independent since X (5; is unique. O

The existence and uniqueness of Linearized Bregman ISS is much simpler
as shown in the following theorem.

THEOREM 2.2 (Solution existence and uniqueness for Linearized Bregman
ISS). Let p; be right continuously differentiable and [3; be right continuous.
Then (1.3) has a unique solution.

PROOF. Let z: = f(pt, Bt) = pr+ %ﬁt, then f is an injective function from
the admissible set (p, ) to C! in variable ¢ and 8; = kshrink(z, 1). Now
differential inclusion (1.3) becomes the ODE

1
5 = —XT(y — kX -shrink(z;, 1)) =: g(2)
n

Obviously, g(z) is Lipschitz continuous. Therefore, the Picard-Lindelof The-
orem implies that there exists a unique solution to this ODE, which leads
to the solution of (1.3). O

We note that the solution of (1.3), though not piece-wise linear or con-
stant, can still be computed in a piece-wise closed form where on each piece,
the signs of §; remain unchanged. This is left to the reader.

Provided that sign consistency is met by a point on the path at t = 7, (2.1)
returns an oracle solution as it is a least-squares problem subject to only
sign constraints. Hence, natural questions are: what conditions will guarantee
sign consistency? And, how to determine 77 In the sequel, we are going
to provide an answer to this question. Throughout the remaining of this
paper, we assume that p; is right continuously differentiable and 3 is right
continuous, so the existence and uniqueness of solution paths are guaranteed.
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3. Consistency of Bregman ISS Dynamics. In this section neces-
sary and sufficient conditions are established for noisy sparse signal recovery
with Bregman ISS (1.2).

3.1. Assumptions.

(A1) Restricted Strong Convexity: there is a v € (0, 1],
X5Xs >I.

(A2) Irrepresentable Condition: there is a n € (0, 1),

-1

b -

1 1
“xTxo( =xix
i (L)

[e.9]
where X, := Xg (LXxTX5) ™.

Condition A1l says that the Hessian matrix of the empirical risk ﬁ”y —
XpB H% restricted on the index set S x S is strictly positive definitive, so the
empirical risk is strongly convex when restricted on the support set .S. Such
a condition is necessary in the sense that once it fails, Xg will be linearly
dependent and no unique representation is possible under the basis Xg.

Condition A2 says that the absolute row sums of matrix X}X:rq are all
less than one. It has been proposed independently under a variety of names,
e.g. Exact Recovery Condition [Tro04], Irrepresentable Condition [ZY06],
among [YLO7, Zou06]. Here we adopt the name in [ZY06] as it refers to the
fact that the regression coefficients of Xg for response X; (j € T') all have
f1-norm less than one, i.e.

/ : 1 2 /
By = arg min o ||X; — XsBII° = (|65l <1,
so in this sense one cannot represent the irrelevant covariates X7 by the
relevant ones Xg effectively.
Neither A1l nor A2 can be checked when the support set S of signal is

not known. Alternatively we can use a more strict but checkable condition
proposed in [DHO1].

(A3) Mutual Incoherence Condition:

s=15].

f1 1= max

1
—(Xi, X,
nax | (X3, Xj)

< 1
(2s — 1)’
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It can be shown [Tro04, CW11] that once A3 holds, then Al and A2
simultaneously hold with

v=1-p(s—1)
since (1 — pu(s —1))Ig < XiXg < (14 pu(s —1))Ig, and

11— p(2s—1)
S l-p(s-1)7

We note that condition A3 is shown to be sharp in the noisy case in [CWX10].
With these one can translate all the theoretical results with condition Al
and A2 into condition A3.

3.2. Mean Bregman 1SS Path versus LASSO Path. As we have seen in
Section 1.1 near equation (1.14), Bregman ISS (1.2) can be derived by differ-
entiating LASSO’s KKT conditions. Such a relation can be seen precisely by
considering the consistency conditions of LASSO on the following temporal
mean path of Bregman ISS:

(3.1) B(t) = % /O B(s)ds.

According to Theorem 2.1 and Condition A1, Bregman ISS path (; is unique
and thus 3(t) is well defined as long as supp(3(s)) C S, s € [0,t), where S
is the true support.

A connection between Bregman ISS and LASSO lies in the same condition
under which their paths from start to time ¢ are supported within the true
support S. In addition, the Bregman ISS mean path 3(t) is identical to
the LASSO path if the Bregman ISS path is incremental with only adding
variables, but without dropping. In general, the two paths are distinct.

THEOREM 3.1.  Let (B¢, pt) be either the Bregman ISS path (1.2) or the
LASSO path (1.8) with p(t) € 0||Bt|l1. Assume that for all t <,

(32) | X7 XLps(t) + X7 Prefloc <1,
where Pg. = 1 — Pg =1 — XJ;X; is the projection matriz onto im(Xg)*.
Then for allt < T,

A. the Bregman ISS path, its mean path, and the LASSO path all have
supports in S;
B. the mean Bregman ISS path 3(1/)) is piecewise linear with A\ = 1/t;
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C. if the Bregman ISS path is incremental in the sense that Sy = supp(S;)
satisfies Sy C Sy € S for allt < t' < 1, then the mean Bregman ISS
path is identical to the LASSO path; but they are distinct in general.

REMARK 3.1.  In particular in noiseless setting, € =0, (3.2) becomes
1X2X5ps ()0 < 1
or dropping ps(t) by
1X5 X0 oo = X5 X5(X5X5) ! loo < 1

which is sufficient and necessary to guarantee that both Bregman 1SS, LASSO,
and OMP [Tro04] recovers the sparse signal in noiseless setting; once it is
violated there is some S-sparse signal for which these methods fail.

PROOF OF THEOREM 3.1. Assume there exists a 7 > 0, such that for all
t < 7, solution path [3(t) satisfies supp(5(t)) C S. Then Bregman ISS (1.2)
splits into

(3.3a) ps = —X5Xs(Bs — B3) + Xe,
(3.3b) pr = —X7Xs(Bs — Bs) + Xre.

From (3.3a) one gets the Bregman ISS solution

(3.4) Bs(t) = By — (X5Xs) ™ ps + (X5Xs) T X5,
which leads to the following equation by plugging into (3.3b)
(3.5) pr = X3 Xkps + X5 Pre.
Integration on both sides of this equation and setting

(3.6) lor(®)llso = 1 X7 X5 ps () + X7 Prefoc < 1

which ensures that Sr(t) = 0. So is the mean path.
On the other hand, LASSO starts from the KKT condition (1.8) which
splits into

~

(3.7a) ps/t = —X5Xs(Bs — BE) + Xie
(3.7b) pr/t=—X7Xs(Bs — By) + Xie

Following the same trick above one can see the same condition (3.6) is met
for LASSO to ensure 5r(t) = 0. This finishes the proof of part A.
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As to part B, for t < 7, the mean path is obtained by integration on (3.3a)

t
38) As(t) = [ Bsls)ds = 55 = F(X5Xs) " ps(t) + (X5Xs) ' Xie

1—ty/t
t 1 ptk+1’
k+1 k

Equation (2.2) implies that %pt = %ptk + which is piecewise

linear with respect to A = 1/t.

To see part C, let S; = supp(f;) for Bregman ISS. If for all s < ¢ < 7,
Ss € S¢ C S, then similar reasoning as above implies that the Bregman ISS
path satisfies

o) * 1 * — * — *
(39) BSt (t) = ﬁSt - E(XStXSt) lpSt (t) + (XStXSt) lXSte‘

For such incremental processes, ps,(t) = sign(Bs, (t)) = sign(3s,(t)) which
meets the LASSO path equation

~ % 1 * —1a * —1 y*
(3.10) Bg, (t) = Be, — ;(XStXSt) pg, (t) + (XstXSt) Xg.6

where S; = supp(f;) for LASSO. But such a relation is lost when variable
dropping happens. O

Despite of the difference to the LASSO path, the mean Bregman ISS path
may reach statistical model-selection consistency under the same conditions
as LASSO.

THEOREM 3.2 (Sign Consistency of Mean Path). Let

-1
n
Fi= L <maXHXan> .

20\ logp \ jeT

Assume that both (A.1) and (A.2) hold. Then the following holds.

A. (No-false-positive) the mean path has no-false-positive before time

7, i.e., Vt <7 supp(B:) C S, with probability at least 1 — p\/:Tgp;

B. (No-false-negative for Mean Path) moreover if the signal is strong
enough such that 5. > c¢1/7,

min

n * —1
o = +(XEXs) )
(ﬁmaneT T, X Xs) e

. 7. 2 oy
then with probability at least 1 — TR the mean path B= has no

false-negative, i.e. sign(B;) = sign(B*).
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REMARK 3.2. Under the same conditions as LASSO with \* = 1/7
[Wai09], the mean path B of Bregman ISS reaches sign-consistency. These
conditions are sufficient and necessary in the sense that once violated, there
exists an instance such that the probability of failure will be larger than 1/2
due to noise. In this sense, the mean path estimator 5(7) is “statistically
equivalent” to the LASSO estimator.

The mean Bregman ISS path geometrically sheds light on why LASSO
incurs bias while Bregman ISS can avoid it. The LASSO path, likes the mean
Bregman ISS path, involves some kind of averaging that ensures the path
continuity but causes bias. The Bregman ISS path is piecewise constant,
allows it to be bias-free.

Now we need to answer the following question: what are conditions to
ensure the sign consistency of the Bregman ISS path?

3.3. Consistency of Bregman ISS. The following theorem tells us that
under the irrepresentable (incoherence) condition, the Bregman ISS dynam-
ics always evolves in the support of true signals in the early stage; further-
more if the signal is strong enough then the dynamics will pick up all the true
variables before selecting any incorrect ones. When such a sign consistency
is reached, Bregman ISS returns the oracle estimator which is unbiased.

THEOREM 3.3 (Sign Consistency of Bregman ISS). Let

-1
7= | ax 1 X n :
20 \/ logp \ jerT
Assume that both (A.1) and (A.2) hold. Then Bregman ISS (1.2) has paths
satisfying:

A. (No-false-positive) the path has no-false-positive before time T, i.e.
— . Lge 2 .
Vit <7 supp(B) C S, with probability at least 1 — T

B. (Sign-consistency) moreover if the signal is strong enough such that

a1 g > (Ao, 802+ 1ogs) maxser [|X;lln) \/@
' T2 1 n

. . 2 . o *
Then with probability at least 1 — ST sign(Bz) = sign(B8*).

REMARK 3.3.  Once the sign consistency holds, B(t) meets the oracle
estimator B* which is unbiased and has a ly-error rate ||B(t) — B*|l2 <

O(o+/slogs/n), even better than the la-error rate O(o+/slogp/n) for the

LASSO estimator which is minimax optimal up to a logarithmic factor
[RWY11].
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To have sign consistency, Theorem 3.3 makes a strong signal condition
with a lower bound on 3}, . However even without such a strong signal
assumption, the minimax optimal ls-error rates can be achieved disregarding
sign consistency.

THEOREM 3.4 (Minimax Optimal lo-Error Bound). Assume that both
(A1) and (A2) hold. There is a T € [0,7] such that with probability at least

1— —2
pv/mlogp’
Hﬂ *H < 20 4 H H \f Slogp
— 13 max .X 1 =+ .
T 2= ny JjET glln TNV n

The existence of such 7 does not ensure us to find it easily. However one
can use T at a cost of enlarging the constants by a square root of condition
number of g = X Xg.

COROLLARY 3.1.  Under the same condition of Theorem 3.4 and assum-

ing an upper eigenvalue bound XX g < ymaxls, then the following holds for

— . .7 _ 2
all t € [T, 7] with probability at least 1 T

. 20/ K(XE:Xs) slogp
16— 5l < 2SR (e X+ 7)o 22

where K(X§Xs) = Ymax/7 is the condition number of X§Xg.

All the results in this subsection follow from the more general results on
Linearized Bregman ISS (1.3) in the next section by taking x — 0. Therefore
we omit the proofs.

4. Generalizations to Linearized Bregman ISS and Its Discretiza-
tion. In this section, we state a general consistency result for Linearized
Bregman ISS (1.3) and Linearized Bregman Iterations (1.4) whose proof will
be given in the next section.

4.1. Consistency of Linearized Bregman ISS. The following theorem es-
tablishes general conditions for statistical consistency of Linearized Bregman
ISS (LBISS) (1.3).

THEOREM 4.1 (Consistency of LBISS). Let

_._a —32{70@77))?7 \/@ <%{” XM”)‘{
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Assume K is big enough to satisfy

log p N | XB*||l2 +20+/slogn 4

B < k.
yn Vel

Binax + 20

Then (1.3) has paths satisfying

A.

B.

(No-false-positive) the path has no-false-positive before time T ,i.e.,
1

Vit <7 supp(fB) C S, with probability at least 1 — p\/7r2logp — o rlean

(No-false-negative for Mean Path) moreover if the signal is strong
enough such that B%. > c1/7,

min

(=BG e
o= (rmmeer T, + 0+ B3 ).

then with probability at least 1 — —=2 L the mean path B(t)

- pv/rlogp ny/mlogn’
satisfies sign(Bz) = sign(8*);
(Sign-consistency for LBISS) Moreover if the smallest magnitude
Brin s strong enough and K big enough such that

40 [logp
*
ﬁmin Z m T?

8+4logs 1 318%]|2
SRl R P
T

then with probability at least 1—

) <7,

p\/7T210gp - n\/wllog n’ Sign(ﬁ‘?) = Sign(ﬁ*);

(l2-bound) For some constant C' and k large enough to satisfy
4 1 *(13 + 40251
4 [ u+mmwm+03%mm§ﬁ
Cy\logp 2k~ C?slogp

there is a T € [0,7] such that ||B; — 8[|z < (C + %)\/s’lo% with
2 1
pvrlogp  ny/mlogn®

probability at least 1 —

REMARK 4.1. A. For sign-consistency of LBISS,

B> 4o y 80 (2 + log s) (maxjcr | X;|)\ [logp
min = 71/2 - n

is enough to guarantee the existence of k.
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B. For ls-consistency

80 (maxjer || Xjn)
m

>

is enough to guarantee the existence of k.

C. Tuaking k = oo, we get the Theorem 3.3 for Bregman ISS.

D. Anls-error bound of the same rate for estimator B(T) can be established
using the monotonicity of HXS(Bg—ﬁS(t))HQ (see Appendizx) fort < T,

1Xs(Bs(7) = B9z _ [ Xs(Bs(r) — B)l2
Y - Y ’
. 20 slogp
< K(X$Xs) (C + ﬂ) "

where IC(X§Xg) is the condition number of X§Xg.

18(7) = Blla <

T<T

)

4.2. Consistency of Linearized Bregman iterations. The following the-
orem establishes statistical consistency conditions for Linearized Bregman
Iteration (1.4).

THEOREM 4.2 (Consistency of Linearized Bregman Iterations). Lett, =

Z;(l) oy and
1-B !
ro= LBl [ n (i)
20 logp \ jerT

Assume that k is big enough to satisfy

log p n | X 8%|2 + 2v/slogn a
n A

and step size « is small such that kol XsX§|| < 2. Then any solution path
of (1.3) satisfies

A. (No-false-positive) for all n s.t. t, < T, the path has no-false-
positive with probability at least 1 — p\/7r210gp - n\/ﬂllogn’ supp(Bg) C S;
B. (Sign-consistency) moreover if the smallest magnitude B is strong

enough and k is big enough to ensure

40 [logp
*
Bmin 2 z\ T

B ax + 20 B < kn,




SPARSE RECOVERY VIA DIFFERENTIAL INCLUSIONS 19

log( )+3a <7,

’?ﬂ;ﬂn :‘Q:}/ /Bmln
where ¥ = y(1 — k|| XsX3|/2), then with probability at least 1 —
p\/7r2logp - n\/ﬂllogn, sign(By+) = sign(B*) for k* = max{k : ty < 7}.

C. (I3-bound) for some large enough constants k and C' such that

8 +4logs +i 3H~ﬁ*H2

4 1 *|12 + 40251
— n + ~(1+10g 7’L||B ||2+ g”s ng/7)+2a SF,
Cy\logp 2k7¥ C2slogp

2 1

with probability at least 1 — , there is a k*, tp < T,

pvrlogp ny/rmlogn
* g 1

such that || Be — B*||2 < (C + ﬁ)\/%.

REMARK 4.2. A. Taking o — 0, we have ¥ = v, and Theorem 4.1 for
Linearized Bregman ISS follows.

B. The condition ra||XsX§|| < 2 is necessary to ensure the convergence
of LB algorithm in the noiseless case. This condition also guarantees
the monotonic descent of || Xs(Bsk — Bs)l|| before T.

5. Analysis of ISS Dynamics. The general idea to analyze differen-
tial inclusions in (1.2) and (1.3) is to associate these dynamics with some
potential or Lyapunov functions, which control a fast convergence of solu-
tions to the oracle estimator. The restricted strongly convex condition Al
suggests us that when the solution path 3(¢) evolves in the support set S, a
suitable choice of potential functions should be expected with exponentially
fast decay, which enables us to estimate the stopping time of reaching sign
consistency and small ls-error.

The difficulty lies in that ISS dynamics are differential inclusions, hence
we exploit differential inequalities of such a potential function to derive the
bounds.

5.1. Potential function. One would like to study the dynamics of the
following differential inclusion

(5.1a) pt + %51& =-X"X (B — B")
(5.1b) pt € 0||Bell,

where 3* is the oracle estimator. Assuming the right continuity of solutions
and multiplying both sides above by [(t) — 5*, one obtains a potential or
Lyapunov function ¥ : RP — Rg associated with the dynamics

Lw()) =~ 1X (8~ BB,
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where
— D(} 18 = BII?
(5.2) ¥(B) =D(B,B) + Ton
and D(B, B) is the Bregman distance
(5.3) Dy (B,B) =V (B) = V(8) — (dV(8), 8 — B)

induced by the particular convex function V(3) = [|||1. As n < p, matrix
X has a large null-space, and to ensure the stationary point of the dynamics
being the oracle solution, one must restrict the dynamics evolving outside
the subspace ker(X).

5.2. Differential inequality with restricted exponential decay of potential.
Define the following Oracle Dynamics as if an oracle discloses the true vari-
able set S such that we restrict our attention on a subspace defined by 5,

/ 1 ol * / ¥ / /
(5.4) ps + Eﬁs = —X5Xs(Bs — B5), ps(t) € 9|Bs(t)]]1-

Here X5Xg is a s X s symmetric matrix satisfying the strong convexity
X5Xs > vI,, which will lead to exponentially fast decay of potential func-
tion.

To reach this goal, our key treatment here is a differential inequality
associated differential inclusion in Oracle Dynamics which is tight enough
to ensure the exponential decay of potential function. This is a Bihari’s type
[Bih56] nonlinear differential inequality, which generalizes the linear cases of
Gronwall-Bellman inequalities [Gro19, Bel43]. In our treatment, a piecewise
continuous bound is given which leads to the tight rates in this paper.

LEMMA 5.1 (Generalized Bihari’s Inequality). The potential ¥ of the
Oracle Dynamics above satisfies the following differential inequality

d

S(W(BY) < —F T (W(BL)),

where F~1 is the right-continuous inverse of the following strictly increasing
function

0 0 S T < B?mn

2\/xs T > sﬁfmn
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Such an inequality ensures a decrease of the potential function at a fast
enough speed which leads to the following tight estimates on stopping time.

We are concerned with the following stopping time reaching sign-consistency
and lo-consistency of Oracle Dynamics, respectively. Define

(5.6) 71 == inf{t > 0 : sign(Bs) = sign(8%)},

(5.7) 7(C) ::inf{t>0:|ﬁ’sgg|’2§0\/@}.

Equipped with the generalized Bihari’s inequality, one can build up the
following bounds for stopping time on sign-consistency and [s-consistency,
respectively.

LEMMA 5.2.  The following bounds hold for the Oracle Dynamics (5.4)

4+ 21 1 3
Vﬁmin Ky ﬁmm
. 4 n 1 nl||B*||2
#(0) (14 log 2772

< _
—Cvy\logp 2ry C?slogp

REMARK 5.1. A. 71 < O(logs/Bk,,) says that B(t) will reach sign-
consistency after t > O(1ogs/fmin). The factor logs is due to the
potential method above which converts a multidimensional dynamics
into a one-dimensional differential inequality, and dropping potential
exponentially from at least || 5|1 > 8%, to 0 requires necessarily the
O(log s) time.

n

B. 7»(C) < O(% ) says that lz-consistency can be reached before T =

ol %) as long as C is a sufficiently large constant.

5.3. Sign-consistency and lo-error bound. Now we are ready to reach the
sign-consistency and lg-error bound for 5(t) by setting 71 < 7 and 7»(C) < 7,
respectively. In these cases, Oracle Dyanmics (5.4) 55(t) meets the original
path Sg(t) when restricted on S. The complete proofs of Theorem 4.1 and
its discrete version of Theorem 4.2 will be found in Appendix A, together
with their supporting lemmas.
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6. Data-dependent Stopping Rules for Bregman ISS. All the
previous results enable us to select 7 as a stopping time which however
depends on unknown parameters 7, 1, and noise level o, hence is not a
data-dependent stopping rule. In this section we present two preliminary
results with early stopping rules comparable to [CW11], which only depend
on the noise level o and thus can be estimated from data. We leave it our
future work to explore fully adaptive stopping rules.

In the following, define the residue r(t) := y — X3(t). The first theorem
adopts the stopping rule based on ||7(t)||2 and the second theorem is based
on | X7()c-

THEOREM 6.1. Suppose

ge > (Ao, 80(2+logs) (maxjer | X;lln) | [logp

min = 71/2 n n
/ 1 1

g > 14 2 ogn og s

Then Bregman ISS with the stopping rule ||r(t)||2 < ov/n + 2v/nlogn selects
the true subset S with probability at least 1 — O(1/n).

and

REMARK 6.1. e This result is comparable to Theorem 7 in [CW11].
e The first condition on the minimum of magnitude of signals ensures
the model selection consistency of the Bregman ISS path and thus indi-
cates that one can find some t along the path so that the residual term

satisfies ||r(t)]|2 < oy/n + 2y/nlogn. Once the path achieves sign con-
sistency, the Bregman ISS must stop.

e The second condition B > 2—\/‘,’7 (\/1 + 24 /10571 + 10§5> quaran-

tees that one can not stop earlier before Bregman 1SS achieves a full
recovery. Note that as n — oo, one needs B3y, > 20/\/7 which is a
constant.

THEOREM 6.2. In addition to (3.11), suppose
B 2amaxl | Xillny/2(1 4 ¢)slogp logs
min = \/ﬁfy

Then Bregman ISS with the stopping rule || XTr(t)||co < 20\/maxz- | X log p
(6 > 0) selects the true subset S with probability at least 1 — O(1/p +1/n).
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REMARK 6.2.  This result is comparable to Theorem 8 in [CW11], though
the lower bound B%. > O(o+/slogp/n) loses a factor \/s here. Asn — o,

min
the lower bound can be arbitrarily small.

The remaining of this section presents the proofs of the theorems above.

PROOF OF THEOREM 6.1. Lemma 3 in [CW11] or Lemma 5.2 in [CXZ09]
shows that with probability at least 1—1/n, € is essentially /3 upper bounded

lellz < oy/n + 2y/nlogn.

Hence with the same probability,

lr(7) | = 11 = Xs(X5Xs) ™' Xs)ell2 < [lell2 < oy/n+2y/nlogn

We have now shown that the Bregman ISS stops once the path acheives sign
consistency.

Next we are going to show that the algorithm will not stop whenever there
is some ¢ € S such that §;(¢f) = 0. By Lemma A.5,

X535 — Bs(0)]
VB - s (o)
mﬂ;ﬁn

> 20\/n+2y/nlogn

provided that B* > 9 [ LE2VIogn/n VIOgn/n. Note that

7]

(AVARAVARLV]

min = Y
lo
1(X5Xs) ' X0 < 204 gs7 w. p. at least 1 —2n~1,
wy
so it suffices to have 37 . > 20(ynt2 ‘%gnJ“ logs), O

PrROOF OF THEOREM 6.2. By assumptions

g > (4o ., 802 +1ogs) (maxjer | Xln) | [logp
T A\ A2 oU| n

Hence, according to Theorem 4.2, the Bregman ISS achieves the sign con-
sistency with high probability. Assume that at time 7%, 8(7*) has the same
sign as the underlying sparse signal 8. For each t,

re = (I = Xs) (Xg(t)XS(t))ilX;(t))(XSBS +€) = s+,
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where s; = (I — Pg(;))Xs8s is the signal part of the residual and n; =
(I — Ps(t))é is the noise part of the residual. Then r,« = n . Let by =

o/2(1 + ¢) max; || X;|| log p.

Prob(| X nlloe = X (I = P)elloo > boo) < Y Prob(IX] (I — P)e| > bao)

)

> Prob(|X] €| > byo)

)

IN

2
pey/2logp’
which means the algorithm stops at 7*.

Next we are going to show that the algorithm will not stop whenever there
is some i € Ay C S such that §;(¢t) = 0. By Lemma A.5,

IXTrille = IXT[Xs(B5 — Bs () + (I = Pe)elloc
IXE(Xs(F5 = Bs(®)) + (I = Po)ellle.

| XEXs(BE — Bs()]loos X&E(I — Ps)e =0,
jgnxgxs(ﬁ;  Bs(t))as

%HBE — Bs(®)l2,
ﬂ D%

\/g min 2 bOO7

provided that B* > Vsbee Note that

min = ny

v

AV VAR |

v

1
1(X5Xs) " Xke]|oo < 20 ‘fj w. p. at least 1 — 20",

so it suffices to have

B b2 log s U(maxi%\/%l+c)slogp/fy+\/logs)
min = Yoo g =
ny /Yy

with probability at least 1 — O(p~! +n=1). O

7. Experiments. In this section we provide some experimental results
to illustrate the relations among LASSO, Bregman ISS (ISS) and Linearized
Bregman iteration (LB).
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In this experiment we choose n = 200, p = 100 and only the first
s = 30 elements of § are nonzero (3; = r; + sign(r;), where r; ~ N(0,1),
j=1,...,30). Each sample z; is drawn from the distribution N (0,%,). We
choose ¥, = (04;), where 0;; = 1 if i = j, and 0;; = 1/(3p) otherwise. In
such a setting, the Irrepresentable (Incoherence) Condition holds with high
probability, since ¥, is nearly identity matrix. We choose noise level o = 1
here, considering the choice that the magnitude of 5; is O(1).

Figure 1 is an example of regularization path of three methods. As
goes bigger, the LB path becomes closer to that of ISS. For LB we choose
ka = 1/2 such that the step size of gradient decent is 1/2, to satisfy the
convergence condition. Note that if « is too big, the solution is oscillating.

To compare the performance of three methods quantitatively, we choose
the AUC of ROC curve, to measure the goodness of three regularization
paths. ROC (receiver-operating-characteristic) curve is plotted by thresh-
olding the regularization parameter \ in LASSO, t in ISS, or k£ in LB at
different levels which create different true positive rates (TPR) and false
positive rates (FPR):

#{Selected True Variables} #{Selected False Variables}

TPR = _FPR —

#{True Variables} #{False Variables}

ROC is a curve from (0,0) to (1,1). AUC (Area Under the Curve) means
the area under the ROC curve. Large AUC values indicate that the signals
are picked out earlier than noise on regularization paths. Repeating the
experiments for 100 times, in Table 1 we report the mean AUC with standard
deviations for the three methods at different noise levels. It shows that all
the three methods work reasonably well in this example, while Bregman ISS
performs slightly better than LASSO. As k becomes bigger, the performance
of LB gets closer to that of Bregman ISS. Notice that as noise level o gets
larger, all the methods have their performance decay since signal and noise
get confused.

LB(k = 4) LB(x = 64) | LB(k = 1024 ISS LASSO

g

0.9771(0.0124) || 0.994(0.0069) | 0.9947(0.0065) | 0.9948(0.0064) | 0.9945(0.0068)

0.9604(0.0169) 0.9867(0.009) | 0.9882(0.0083) | 0.9884(0.0082) | 0.9879(0.0086)

ullw| | Q
ZIZ|=Z

0.9393(0.0226) || 0.9659(0.0188) | 0.9673(0.0188) | 0.9676(0.0187) | 0.9671(0.0187)

TABLE 1
Mean AUC (standard deviation) for three methods at different noise levels (o): 1SS has a
slightly better performance than LASSO in terms of AUC and as k increases, the
performance of LB approaches that of ISS. As noise level o increases, the performance of
all the methods drops.
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Fia 1. Regularization path of LASSO, Bregman ISS, and Linearized Bregman Iterations
with different choices of k (kaw = 1/2). As k grows, the paths of Linearized Bregman
iterations approach that of Bregman ISS.

8. Discussion and Conclusion. In this paper, noisy sparse signal
recovery is approached via two continuous dynamics, called Bregman ISS
and Linearized Bregman ISS, where a discretization of the latter leads to
the widely used Linearized Bregman Iteration algorithm. Equipped with
an early stopping regularization, Bregman ISS can simultaneously achieve
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model selection consistency and unbiased estimation. As a discretization of
Linearized Bregman ISS paths, model selection consistency and minimax op-
timal [o-error bounds for Linearized Bregman Iteration are also established.
Some data-dependent stopping rules are given for Bregman ISS solution
paths.

Future directions of our study include fully data-dependent stopping rules
and generalization of our results in nonlinear settings.

APPENDIX A: PROOFS
A.1. Proof of Consistency of LBISS.

LEMMA A.1. Assume that Xg has full column rank.
(A) For allt < T, solution of (1.3) B(t) contains no false positive if

| X5 X5 (ps + Bs/k) + tX5Prello <1, V<7,

where Pr = I—X;X; is the projection operator onto the column space
Of XT. B
(B) Mean path (7) is sign-consistent if

. o dee 1 1 o
sign(fs(7)) = sign(B5 + ®5' X§e — ;‘I’sl(Ps(T) +—Bs(7)) = sign(Bs)
where ®g = X5 Xs = 1 XL Xs.

No-false-positivity and the sign-consistency for mean path in Theorem
4.1, directly follow this lemma.

Proor or LEMMA A.1. Consider the differential inclusion (1.3)
P‘i‘gﬁz —ﬁXT(XB—y) =-X"X(B-pB")+ X"e

Assume there exists a 7 > 0, such that for all ¢ < 7, solution path J(t)
contains no false-positive, i.e. supp(3(t)) € S. Then for all t < T,

(A1) ps + Bs/k = —X5Xs(Bs — BE) + Xie,
and
(A.2) pr+ Br/k = — X1 Xs(Bs — B5) + Xie.

From (A.1) one gets —(8s — 8%) = (X5Xs) M (ps + Bs/k) — (X5Xs) ' Xze,
which leads to the following equation by plugging into (A.2)

pr + Br/k = X3 X L(ps + Bs/k) + X5Pre
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where Pr =1 — Pg =1 — X;X; is the projection matrix onto im(Xr).
Integration on both sides and setting

lor(t) + Br(t)/kllso = IX7 X (ps(t) + Bs(t)/k) + X5 Prel|o < 1

the first part follows from Sr(t) = & - shrink(pr(t) + Br(t)/k, 1).
The second part is obtained by integration on (A.1)

Bstr) = 1 | Bslt)dt = 5 = 285" (ps(r) + -Bs(r) + 05 K

followed by taking sign(Bs(7)) = sign(8%). O

LEMMA A.2. Suppose e ~ N(0,0%L,), and X € R"¥P

1
A.3) Prob(|| X7 €|loo > ov/2(1 + )1 X € ——;
( ) ro (H 6HOO g ( N) ngmja'XH JH) — pum
1
T T
(A4)  Prob(|X"el2 > 0/2(1 + w)tr(XTX) logp) < T
PrROOF OF LEMMA A.2. From the Gaussian tail probability bound,
1 2(14p) logp
Prob(|XTe| > ov/2(1 4 p) logp|| X;[) < 2 R
I ! V2(1 + p)log pv2m
1
pltiy/mlogp

The first inequality is directly the union bound of index j. The second in-
equality is obtained by the fact

{e: 1X7ell2 > 0/2(1 + w)tr(XTX) logp} € | J{e s [XTe| > o/2(1 + ) log plI ;).
J

which ends the proof. O

PrROOF OF LEMMA 5.1. Denote
Ay = {i € Slsign(5}) # sign(B))} € S.
Noticed that
185 =85l > D B

1€AL

max{ B, Y 1871 (D 1571)? /)

1€EA: 1€EA:

maX{B;kmnD(B:Sk’? BZS)/Qv D(Bg’v /8{9)2/45}

v

v
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and . . . .
185 — Bsll2 < Bhin = Av =0 = 55 = Bs = D(B5,85) =0

then according to the definition of ¥ and F', we have

Hﬁs ﬁsllz

V(Bs) = + D(B%, B5) < (|15 - Bsl3)

which implies

“H(w(Bs) < 185 - Bsll3

Combining the following result from right continuous differentiability

<dp5755>

and the strong convexity conditions of X} X, we have

d / / Q% * / Q% Q% / — /
S (W(BK)) = — (85 — Bs XX, (85 — B5)) < —I1B5—B53 < —F 1 (W(85)),
as desired. 0

PrROOF OF LEMMA 5.2. From the generalized Bihari’s inequality

7 d / v(0
- (™ & ((By) g X O d
ns /o VT v[p@w) F(z)

~ 3% |12 ~
Note that W(0) = |35 + 155, so F=1(W(0)) < [|B5]|2. By continuity
and monotonicity of F(z) on (82, +00) and and W(f;) > Bzﬂé”
B 5 -
gn;n +26mzn dx Sﬁmin dF H5H2 dF
. _dx dr dF
meo= /Bgnzn Ffl(x) /62 X + SIB~2 ) X
A 3 32 3112
B 2min (g Brnin 1 2 811z 1 s
< /2 = +/ (57— += )dx+/ (—+£3)dx
ﬁm;n ﬁmm 52 . 2K BinT sF2,  2KT g3
4+ 2logs 15112
< AEZOBE ) Lyl
/Bmin K; /Bmzn

Proof of 75 is straightforward now. For ¢t < 7o,

d\I/ CZSIOgd
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Let
F(x) = ; +2yxs > F(z) V>0
K

Let F~! be the right-continuous inverse. Then ||3(t) — 8|3 > F~1(¥(8)) >

F~1(¥(B)). By generalized Bihari’s inequality

1d¥
a B = Bl3 > F~'(¥)
Therefore p 2 log d
1dv ~
w2 max{F (D), CS%}
Again, we have:
1 /YO dx
T2 < / =
Y Ju(iy) max{F-1(z), Cslady

Noticed that ~ ~
F(®(0)) < F~H(W(0) < 1813

Therefore,
F(C?slogd/n) dx v(0) dr
e [ e
0 % F(C2slogd/n) F_1<«73)
(C%slogd/n)/2k+2Cs/logd/n dx 1813 dﬁw
= / CZslogd T T
% C2slogd/n L
|5‘2 1
< — ﬁ)dm
lOg 2slogd/n 2K .’L‘3/2

n|p3
< 4 1+ log
= C logd+ 0+ c2slogd)

which gives the bounds.
PROOF OF THEOREM 4.1.

A = {e:||Xs(XEXs)  XEe|l2 > 204/slogn}
log p
}

B = {e:||(X5Xs) ' X%€|oo > 20

. log p
Cc = {6:IIXTPT6||oo>20\/Tgﬂ€aTXHleln}
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Note tr(Xs(X5Xs) 1 X%) =5, (X5Xs) 1 X5 Xg(X5Xs) ™ = (X5 Xg) ™ <
1/~, and X5 Pr - Pr Xt < X5 X7, using Lemma A.2, we have

1 1 1
Prob(A) < ———, Prob(B) < ———, Prob(C) < ———.
rob(4) = ny/mlogn’ rob(B) < pv/7logp rob(C) < pyvwlogp

(1) (no-false-positivity for 5(t) up to 7) First consider the LB-ISS

4ps + 1dPs _ ~X%Xs(Bs — Bs)

(A-5) dt Kk dt

where g = Be+(X5Xs) 1 XZe. It is easy to conclude 1 X5(Bs—Bs)ll2
is monotonically decreasing based on the following observation

dHXS(Bs—ﬁs)fg__<d%‘ d58>_1 dfs dBs
dt on N k|| dt dt

2
<0

2

2
1
9 K

dt ' dt

using (dpg(t)/dt,dBs(t)/dt) = 0 from the assumption of Bregman ISS
paths. On the set A°J B¢,

1Bsllsc < [IBslloc + ”BS; Bs(t)ll2
| Xs(Bs — Bs(t))|l2

S Bmax + \/m
. Xof
Nisl
. logp || XsB"||]2 +20v/slogn
< mazx + 20 +
yn N

Denote this upper bound as B. Returning to the original problem, by
Lemma A.1, it suffices to have for all t < 7,

1> || X5 XL (ps + Bs/k) + X5 Prel s
The first part

1X7XE(ps + Bs/R)lloo < (1= m)(1+ IBslloc/) < 1= (1= B/rm)y

1—-B/k _ -1 _
t<r = 12500, 1\/n/1ogp(gr1€a;<\|Ajy\) — O(no~"\/n/1og p).

2
On the set C¢, we have t|| X} Prel|o < (1 — B/kn)n.
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(2) (no-false-negativity for the mean path) it suffices to ensure
. 1.
Biuin > 125" Xelloo + =5 (s + Bs/8) oo-

Where ®g = X Xg. The second part on the right hand side is || %@gl (ps+
Bs/k)|leo < %H(I)glﬂoo(l + B/k). The first part is bounded on the set
B¢

o (maxjer || Xjlln)

(3) (I2-error bound) Lemma 5.2 implies if C' > 5 T , when &
is big enough, we have
' 4 w1 nld3
t2(C) < — — (1 +log =5
2(0) = Cv\/ logp 2/<ry( o 0252 logp)
4 1 *|I3 + 40251
Cy\ logp 2kvy C?slogp
< 7
Thus 37 € [0, 7]

185(7) = Bsll2 < C/slog(p)/n

Note that with high probability

|18s — BSHQ < 20 slog(p)/n,y—l/Q

(4) (Sign Consistency for ;) The condition

. 40 [logp

implies that § has the same sign as 8* as well as 1/2|8f] < |B;] <
3/2|57| for each component i. Thus sign consistency is reached when

too < T, OF
4+2logs 1 3 8+4logs 1 3)8*
75m”m K7y Bmzn ﬁmm’y Ky Bmzn

< 7

which is ensured by x big enough and

csog s (Ao, 802+ logs) (maxjer || X)) W
71/2 v -

This completes the proof. ]
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A.2. Proof of Consistency of Linearized Bregman Iterations.
First of all, we give a discrete version of generalized Bihari’s inequality which
is useful for Linearized Bregman iterations (1.4).

LeMMA A.3 (Discrete Generalized Bihari’s inequality). Consider the LB

(Prr1 — pr) + (Ber1 — Br)/k = —an X Xs(Br — )
where X§Xg > 1. Let the potential (or Lyapunov) function be

B A2
v, = D3, ) + 12

Then the following difference inequality holds
Uppr — U < —apy(1 — monl| Xs X&[1/2) F~ (W)
where F' is defined by (5.5).

ProoOF OF LEMMA A.3. Similar to continue case, we have
18k = BII3 > F~' ().

Since /1-norm is homogeneous of degree 1, its subgradient p € J||B||:
satisfies (p, B) = ||B|l1.- Multiplying Sx — B on the both sides of iteration
equation, it leads to

i1 —Cht (k41— k) Be— | B — Bil|* /26 = —ay, <ﬁk — B, X5 Xs(Bk — 5)>

Note that for i € S, (P;E;H )/3k+1 \/Bkﬂ\ - (i)ﬁ;(:ll >0

1Bks+1 — Brll* /5 — 2(prs1 — pr) Br

1Br+1 — Bill®/5 + 2(prs1 — pi) (Brer — Br)

1Br+1 = Bill®/6 + 2(pis1 — i) (Brs1 — Br) + [l pws1 — pxll?
kllpk+r — ok + (Begr — Be) /5l

= rajl| X5Xs(B - B

VARRVARNVAN

B 2
Ve =W < =25 (Xs(B - B), Xs (B — B)) + 555

= _% <Xs(ﬂk —B8), (I — kap XsX%/2)Xs(Br, — 5)>

< =R (L way | Xs X3 /2)I| X (8 - B
< (L~ ol XsX3l1/2)15 — Bl
< (1= o[ Xs X5I1/2) P (W)

which gives the result. O

(XEXs(By - B), XEXs(8x - )
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Next we present a discrete stopping time bound from the inequality above.

LEMMA A.4 (Discrete Stopping Time Bounds). Consider the LB

(Pra1 — o) + (Brrr — Br)/k = —au X5 Xs(Br — B)

where X5 Xg > vI and o, < o,  Vk.
Define

k-1
71 1= inf {Z ay : sign(Bg) = sign(ﬁ)}
t=0

k—1
#(C) = inf {Zat 1Be = Bll2 < c,/“‘;gp}

t=0
Then the following bounds hold,

and

4421 1 3
Too < w + flog(W) + 3
Vﬁmin Ky 5min
- 4 [ 1 n|B[3
C) < — 1+log ——= 2
2(0) < Cy\ logp 2/«7( tog C'Qslogp) +ea

where ¥ = v(1 — k|| Xs X5|/2)

REMARK A.1. Taking o — 0, it recovers the stopping time bounds in
continuous case, Lemma 5.2.

Proor or LEMMA A.4. Consider

18k — BII?

For a uniform upper bound on step sizes ay < «, by the discrete Bihari’s
inequality in Lemma A.3

Upq — Vg < —op 7 FH(Ty) < —a 7 FH(Ty,)

where 4 = v(1 — ka|| X X*||/2) and F(x) = 5= +2v/xs > F(x), Vx > 0.
For k such that ¥y > 28, + anm/Qn, denote L = F_l(\IfE), which is

non-increasing. Define t,,, = 3.7"" ;. Let ny = sup{n : L,, > 582}, then

F(Lg) — F(Lg+1)
Ly,

Yoy <
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then for 0 < k < nj —1,

F(Ly) — F(Ly41) S(IOng—2 i)_(lOng“ o [ 3 )
Lk 25 Lk 2:‘{(/ Lk+1

This is because of

Lp—L L
k k+1 < log( k )
Ly, Lt
using 1 —z < —logz for x < 1, and

ﬁ—\/Lk+1<m—\/Lk+1_ 1 1

Ly VL Li Litr Vi
- log Lg s log Ly, S
tn, < N — 9
Vo = ( 2K Lo) ( 2K L,, )

(log ||B||2 -9 S ) o (log Sﬁgzm —9 S )

2 1BIR" 2 B

Let ng = sup{n: L, > Bq%mn}7

F(Lg) — F(Lg+1)

N <
RIATARS Li
Then similarly, we have
- 1 2
F(tny — tny+1) < (% + = ' )(log Ly, +1 — log Ly,)
min
1 2 72 52
(% + B ] )(log sﬁmin - log 5mzn)
mn

Let n3 = sup{n : ¥, > 52, /2k}

min

nz—1

Uy — Ve
R
k=ns2+1 min

32
Bmin
2K

32 ~
5”7,};" + 2/Bmm -

22
Bmin

IA

2
B min
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To sum up, we have

5 4+ 2log s 1 3
P <ty < 2221088 g 1By g,

Y Pmin K /Bmzn

Similarly, we have

4 1 3|2
< — n T o M
Cy\ logd = 2k~

72(C)

which ends the proof. ]

PROOF OF THEOREM 4.2. The proof is the same to the continue case.
The only difference is the decreasing of | X (8x — 3)||2 needs the condition
kol Xe X3 < 2.

Consider the LB

(Prt1 — pr) + (Bryr — Br) [k = —u X5 Xs(Br — B)

where X5 Xg > ~I.

1Xs(Brs1 = BI® — 1 Xs(8r — B)II?

1X5(Brs1 — B)lI” + 2(Brs1 — Br) T XEXs(Br — B)

1 Xs(Be1 — Bi)I” — 2n/ ok (Brsr — Br) " [(ors1 — p&) + (Brs1 — Br)/K]
1 Xs(Be1 — Bi)I” — 2n/cw(Besr — Br)" (Ber — Br) /K

= n(Ber1 — Br) (X5Xs — 2/akk)(Besr — Br)

0,

IN

IA

where we have used || XsX§| = | X%Xs||. Hence | Xs(Bs — B2 is mono-
tonically nonincreasing. O

Note that this implies that |74 := [y — X3/ is monotonically nonin-
creasing for all ¢ € (0,7). The following lemma makes it precise.

LEMMA A.5. Fort € [0,7], the residue admits an orthogonal decompo-
sition B
lrell® = lly = XBell* = 1 Xs(85 — Bs (@) + || Pre|?

and is monotonically nonincreasing.
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PrRoOOF. By Pythagorean Theorem,

Irel® = 1Xs(8" = B1) +ell* = [1PsXs (8" = Bi) + Poell* + (T = Ps)e]?
= [ Xs(8" = Br) + Xs(X§Xs) ™" Xel|” + Ces
= [IXs(85 = Bs(t)” + Ces

and the conclusion follows from that ||X5(B~§ — Bs(t))|| is monotonically
nonincreasing. ]
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